Let K be a p-adic field and E an elliptic curve over K with potential good reduction. For some large Galois extensions L of K containing all p-power roots of unity, we show the vanishing of certain Galois cohomology groups of L with values in the p-adic representation associated with E. We use these to prove analogous results in the global case. This generalizes some results of Coates, Sujatha and Wintenberger.
Introduction
The vanishing of cohomology groups associated with p-adic Galois representations defined by elliptic curves is one of the useful results towards generalization of methods in Iwasawa theory to larger Galois extensions. Such vanishing enables the computation of Euler characteristics for discrete modules associated to p-adic Galois representations [CSW01] and Selmer groups of elliptic curves over extensions containing all p-power roots of unity [CH01] , [CSS03] . Our purpose in this paper is to show the vanishing of cohomology groups with values in a geometric p-adic Galois representation with respect to some large Galois extensions. In particular, we consider extensions of a p-adic field obtained by adjoining the coordinates of p-power torsion points on an elliptic curve.
Let p be a prime number. For the moment, we let K be any field with characteristic not equal to p. Fix a separable closure K of K. Put G K := Gal(K/K), the absolute Galois group of K. Let X be a proper smooth variety defined over K. For each i ≥ 0, we let
denote the ithétale cohomology group of X K := X ⊗ K K having coefficients in Q p , which is a finite-dimensional vector space over Q p . We denote by
the homomorphism giving the action of G K on the vector space V .
For a general finite-dimensional vector space V over Q p and a compact subgroup G of GL(V ), we write H i (G, V ) (i = 0, 1, . . .) for the cohomology groups of G acting on V defined by continuous cochains, where V is endowed with the p-adic topology. We say that V has vanishing G-cohomology if H i (G, V ) = 0 for all i ≥ 0.
For a Galois representation (ρ, V ) as given above, we denote by K(V ) the fixed subfield in K by the kernel of ρ. For a subfield L of K, let G L denote the subgroup of G K corresponding to L. Let K(µ p ∞ ) be the smallest field extension of K which contains all p-power roots of unity. Denote by G V (resp. H V ) the image of G K (resp. G K(µ p ∞ ) ) under ρ. We may identify G V (resp. H V ) with the Galois group of K(V ) over K (resp. K(V ) ∩ K(µ p ∞ )).
We assume henceforth that K is a finite extension of Q p . We recall a theorem due to Coates, Sujatha and Wintenberger. Although the result was originally motivated by computation of Euler characteristics associated to V , this theorem turned out to be useful in dealing with some problems in non-commutative Iwasawa theory (cf. [CSS03] ). We proceed further in view of the theorem above. Consider an arbitrary Galois extension L/K contained in K. Put J V = ρ(G L ). We then ask, when do we obtain vanishing J V -cohomology? Clearly if L is "too close" to K(V ), the vanishing cannot be attained. In consideration of the theorem above, we then expect that if L and K(V ) are sufficiently independent over the field K ∞,V := K(V ) ∩ K(µ p ∞ ) (or K), then V has vanishing J V -cohomology. This does not necessarily mean that the intersection M = K(V )∩L is of finite degree over K ∞,V (or K), although we have found no example in which the intersection M is of infinite degree over K ∞,V and V has vanishing J V -cohomology. On a related note, what can be said if L is defined by another geometric representation? More precisely, suppose we have another p-adic Galois representation (ρ ′ , V ′ ). Let us put J V = ρ(G K(V ′ ) ) and J V ′ = ρ ′ (G K(V ) ). How does the vanishing of J V -cohomology of V relate with the vanishing of J V ′ -cohomology of V ′ ?
Some results have been obtained for the vanishing of H 0 (J V , V ). For instance, Ozeki proved in [Oz09] that when V is given by an abelian variety with good ordinary reduction, the vanishing of H 0 (J V , V ) is equivalent to the property that the degree of the residue field of L over the residue field k of K has finite p-part. It was further shown that when V is given by an elliptic curve and L is the field of division points of p-power order of another elliptic curve, H 0 (J V , V ) vanishes depending on the types of reduction of the elliptic curves involved. In [KT13] , Kubo and Taguchi have shown that H 0 (J V , V ) vanishes in the general setting where K is a complete discrete valuation field of mixed characteristic and L is a subfield of the Kummer extension K(
After recalling some related facts, we prove the following result in §3 which provides a simple criterion for determining the vanishing of J V -cohomology from the Lie algebras of Gal(
Theorem 1.2. Let X be a proper smooth variety over K with potential good reduction and i a positive odd integer. Put
Assume that the Lie algebras
have no common simple factor. Then V has vanishing J V -cohomology, where
For an elliptic curve E over K, we denote by
the natural continuous representation associated with the Tate module T p (E) of E. We use the usual notation V p (E) = T p (E) ⊗ Zp Q p . Let Q p (r) denote the rth twist by the p-adic cyclotomic character, where r ∈ Z. Note that the dual
On the other hand, the Weil pairing allows us to identify V p (E) with V p (E ∨ ) in a canonical way. Thus we may canonically identify
, Q p (1)). We also note that K(V p (E)) = K(E ∞ ), where K(E ∞ ) is the extension of K generated by the coordinates of all the p-power torsion points on the group of K-valued points E(K). By the Weil pairing, the field K(E ∞ ) contains K(µ p ∞ ).
In §4 we consider the setting where the variety in question has good ordinary reduction. For elliptic curves with good ordinary reduction over K, we obtain a necessary and sufficient condition on L so that the p-adic Galois representation V = V p (E) has vanishing J V -cohomology. Now we consider the case where L = K(V ′ ) is given by another "geometric" representation V ′ . In this case, we often encounter that V ′ also has vanishing J V ′ -cohomology, where
). This motivates us to introduce the notion of "cohomological coprimality" in §2.1. 
. Then V and V ′ are cohomologically coprime.
Suppose E and E ′ are elliptic curves over K. In §5, we prove some results on the cohomological coprimality of V p (E) and V p (E ′ ). This is done by distinguishing the reduction types of E and E ′ . We summarize our results in the following theorem. We also note that its proof provides extensions to some of the results obtained in [Oz09] . In the table above, FCM means formal complex multiplication. The symbol * means conditional cohomological coprimality. The cohomological coprimality in this case holds under the additional assumption that the group E(K(E ∞ ))[p ∞ ] of K(E ∞ )-rational points of E of p-power order is finite. For ♯, refer to Remark 4.9. For the case where one of the elliptic curves has multiplicative reduction, we refer to Remark 5.7. The rest is provided by Theorem 5.1 in §5.1.
In the last section we use the local results above to prove cohomological coprimality results associated with "global" p-adic Galois representations. Indeed, the proof of Theorem 1.1 in [CSW01] relies on showing the existence of some special operator in the Lie algebra h = Lie(ρ(G K(µ p ∞ ) )) ⊗ Q p Q p . Such operator satisfies a criterion introduced by Serre (cf. [Se71] ) for the vanishing of Lie algebra cohomology groups, and hence Theorem 1.1 follows by a well-known result due to Lazard. In general, enlarging the field L makes the corresponding image group J V smaller and hence the special operator of h may no longer lie in the Lie algebra j = Lie(J V )⊗ Q p Q p . Our methods in the local case ensure that such operator still belongs to j which in turn belongs to the corresponding Lie algebra of the image of the global Galois group.
The proof of Theorem 1.1 as described above also implies that V has vanishing G Vcohomology if and only if V has vanishing G-cohomology for an open subgroup G of G V . The same statement holds for H V . In this paper Galois representations are defined by objects which satisfy a "potential condition over K", in the sense that the given condition is satisfied after a suitable finite extension K ′ of K. In most of our proofs we will often encounter the phrase "replacing K by a finite extension" in order to reduce the proof to a more convenient setting, e.g. so that the varieties in question have good reduction over K and that K(V ) contains all the p-power roots of unity. By the above remark, there is no harm in doing this kind of reduction. Taguchi, who proposed the theme of this paper, for his patience, helpful advice and contributions to this paper. He would also like to thank the Ministry of Education, Culture, Sports, Science and Technology of Japan for its support. He is currently on study leave from the Institute of Mathematics, University of the Philippines Diliman.
2 Preliminaries and review of some known results
Vanishing Cohomology and Cohomological Coprimality
Let G be a topological group and F be a topological field. A continuous F -linear representation of G is a finite-dimensional F -vector space V equipped with a continuous linear action of G. Equivalently, it is a continuous homomorphism ρ : G → GL F (V ). We denote a continuous F -linear representation of G by (ρ, V ). For a prime number p, a continuous
For a general finite-dimensional F -vector space V and a compact subgroup G of GL F (V ), we consider the cohomology groups H i (G, V ) (i = 0, 1, . . .) of G acting on V which are defined by continuous cochains (where V is endowed with the topology induced by F ).
Definition 2.1. For V and G as above, we say that V has vanishing G-cohomology if
We say that V and V ′ are cohomologically coprime if V has vanishing G-cohomology and V ′ has vanishing G ′ -cohomology.
Remark 2.3. In fact, the above notion of cohomological coprimality can be formulated for topological modules over a topological ring with a continuous action by a fixed topological group G. Moreover, two topological modules (with a continuous action by G) being compared against need not have the same ring of scalars. For our purposes, we restrict our definition in the above form.
The setup
Let K be a finite extension of Q p . For a p-adic representation (ρ, V ) of G K , we denote by K(V ) the fixed subfield of K by the kernel of ρ. Let µ m denote the group of mth roots of unity for m ∈ Z with m ≥ 1. Denote by µ p ∞ the union of all µ p n as n runs over the set of all positive integers. We identify G V = ρ(G K ) with the Galois group Gal(K(V )/K). For an arbitrary Galois extension L/K, we may identify J V = ρ(G L ) with a closed subgroup of G V , whose fixed field M = K(V ) J V is the intersection of K(V ) and L. Then the Galois group Gal(M/K) may be identified with a quotient of G V . This latter group is a p-adic Lie group and thus, so is Gal(M/K) (cf. [DDSMS99] , Theorem 9.6 (ii)). Hence, M/K is a p-adic Lie extension. If L = K(µ p ∞ ), we write H V for ρ(G L ) instead of J V and M in this case will be written as
We have the following diagram of fields:
Some lemmas
Let L be a Galois extension of K which contains
. The group G acts on H by inner automorphisms, that is, for σ ∈ G and τ ∈ H , we have σ · τ = στ σ −1 . Assume that the following relation holds:
for all σ ∈ G , τ ∈ H .
Lemma 2.4. Let (ψ, W ) be a p-adic representation of G . Let ε be a character as above and suppose the action of G on H satisfies relation (2). Then after a finite extension K ′ /K, the subgroup H acts unipotently on W .
We assume henceforth that d is nonzero. We may argue in the same manner as the proof of Lemma 2.2 of [KT13] . Let τ ∈ H and λ 1 , . . . , λ d be the eigenvalues of ψ(τ ). Then relation (2) shows that 
With this choice of m we see that ψ(τ ) m is unipotent since λ
Then the semisimplification of the restriction ψ| H to H is a sum of characters H /H m → µ m , after a suitable extension of scalars. These characters become trivial upon replacing K(µ p ∞ ) by a finite extension,
In this paper, χ : G → Z × p always denotes the p-adic cyclotomic character (i.e. the continuous character such that g(ζ) = ζ χ(g) for all g ∈ G and all ζ ∈ µ p ∞ ). The above lemma will be used later in §4 in the case where ε is the product of χ with another continuous character of G .
Proof. One implication is trivial. We assume that W U = 0 and let w ∈ W . Since the action of U on W is unipotent, for all u ∈ U the element ϕ(u) − 1 is nilpotent. Thus, there exists n ∈ Z ≥1 such that (ϕ(u) − 1)
Ordinary Representations
Definition 2.6. A p-adic Galois representation V of G K is said to be ordinary if there exists a filtration by G K -invariant subspaces {Fil i V } i∈Z with the following properties:
such that the inertia subgroup I K acts on the ith graded quotient Fil i V / Fil i+1 V by the ith power of the p-adic cyclotomic character.
Definition 2.7. We say that a proper smooth variety X over K has good ordinary reduction over K if there exists a smooth proper model X over O K with special fiber Y such that the de Rham-Witt cohomology groups H r (Y, dΩ s Y ) are trivial for all r and all s. We say X has potential good ordinary reduction over K if it has good ordinary reduction after a finite extension K ′ /K.
In the above definition, dΩ s Y is the sheaf of exact differentials on Y. This definition is due to Bloch-Kato (cf. [BK86] , Definition 7.2). Equivalent formulations for this definition are given in Proposition 7.3 of op. cit. When X is an abelian variety of dimension g, this definition coincides with the property that the group ofk-points of Y killed by p is isomorphic to (Z/pZ) g , which is the classical definition of an abelian variety with good ordinary reduction. Here,k denotes an algebraic closure of the residue field k of K.
Theétale cohomology groups of a proper smooth variety with good ordinary reduction can be characterized by the following result of Illusie:
. Let X be a proper smooth variety over K which has good ordinary reduction over K. Then theétale cohomology group
Lie algebras associated with elliptic curves
Consider an elliptic curve E over K. The structure of the Lie algebras associated to E is well-known (cf. [Se89] , Appendix of Chapter IV):
Proposition 2.9. Let E be an elliptic curve over K. Let g := Lie(ρ E (G K )) and i := Lie(ρ E (I K )) be the Lie algebras of the image of G K and its inertia subgroup I K under ρ E , respectively (These are Lie subalgebras of End(V p (E))).
(i) If E has good supersingular reduction with formal complex multiplication, then g is a non-split Cartan subalgebra of End(V p (E)) and i = g. We have dim g = dim i = 2.
(ii) If E has good supersingular reduction without formal complex multiplication, then g = End(V p (E)) and i = g. We have dim g = dim i = 4.
(iii) If E has good ordinary reduction with complex multiplication, then g is a split Cartan subalgebra of End(V p (E)).
We have dim g = 2 and i is a 1-dimensional subspace of g.
(iv) If E has good ordinary reduction without complex multiplication, then g is the Borel subalgebra of End(V p (E)) which corresponds to the kernel of the reduction map
We have dim g = 3 and i is a 2-dimensional subspace of g with i/[i, i] of dimension 1.
(v) If E has j-invariant with negative p-adic valuation, then g is the subalgebra of End(V p (E)) which consists of the endomorphisms u for which u(V p (E)) ⊂ W , where
Denote the ring of integers of K by O K . In the proposition above, an elliptic curve E over K with good supersingular reduction is said to have formal complex multiplication over K if the endomorphism ring of the p-divisible group E(p) associated with the Néron model E of E over O K is a Z p -module of rank 2. We simply say E has formal complex multiplication if E × K K ′ has formal complex multiplication for some algebraic extension
We can take for K ′ a finite extension of K of degree at most 2. The subspace W in (v) of the proposition is isomorphic to the twist of Q p (1) by an unramified character of order at most 2.
3 Some Criteria for the Vanishing of J V -cohomology Let X be a proper smooth variety over K with potential good reduction. Let i be a positive odd integer and put V = H í et (X K , Q p ). Let ρ be the continuous homomorphism attached to V as in the Introduction and let
. In this section, we prove Theorem 1.2 given in the Introduction. Before embarking on the proofs, we give a few remarks.
Recall from §2.2 that we have the isomorhisms
is equivalent to the finiteness of the degree of the extension M over K (resp. K ∞,V ).
Proof. Replacing K with a finite extension, we may assume
It follows immediately from Theorem 1.1 that V has vanishing J V -cohomology.
, is equivalent to the finiteness of (V /T ) G L . Hence, since V has vanishing H V -cohomology, we have the relation (1) ⇒ (2) ⇒ (3) between the following statements: (1) M is a finite extension of K(µ p ∞ ), (2) V has vanishing J V -cohomology, and
However, converses may not necessarily hold. In some cases though, we have (3) ⇒ (1), as we shall see in Corollary 5.5.
To prove Theorem 1.2 given in the Introduction, we need the following lemma. Proof. Replacing K by a finite extension, we may assume V is crystalline. Consider the filtered ϕ-module D cris (V ) and let Φ = ϕ f , where q = p f is the cardinality of the residue field of O K . Let δ denote the determinant of the endomorphism Φ. By [CLS98] , the characteristic polynomial of Φ has rational coefficients and its roots are Weil numbers of weight i. Thus, in particular, δ is a rational number and it has archimedean absolute value equal to q t where t = id/2. Hence δ = ±q t . Since det ρ is crystalline, the restriction of the character det ρ to I K is equal to χ −t (cf. 
Recall that M is the intersection of the fields K(V ) and L, which is a Galois extension of K(µ p ∞ ). Let j and j ′ be the Lie algebras of Gal(K(V )/M) and Gal(L/M) respectively. The Lie algebra j (resp. j
The above expressions are all equal to zero by hypothesis. Therefore Gal(K(V )/M) has finite index in Gal(K(V )/K(µ p ∞ )). We then apply Lemma 3.1 to obtain the desired conclusion.
It seems worthwhile to state the following corollaries for cohomological coprimality in the case where L is given by another "geometric" representation. More precisely, consider another proper smooth variety Y over K with potential good reduction. Let j be a positive odd integer and put V 1 = V , as above and (Ker(ρ 1 )) . Note that J r is a closed normal subgroup of H r = ρ r (G K(µ p ∞ ) ) (after a finite extension) for r = 1, 2. We have the following special case of Lemma 3.1.
Corollary 3.5. Let V 1 and V 2 be as above and let K(V 1 ) and K(V 2 ) be the fixed fields of Ker(ρ 1 ) and Ker(ρ 2 ), respectively. If
The cohomological coprimality can also be derived by comparing the Lie algebras h 1 = Lie(H 1 ) and h 2 = Lie(H 2 ). 
The ordinary case
We use the notation as in the previous sections. In this section, we look at the vanishing of cohomology groups for p-adic Galois representations given by varieties with good ordinary reduction. We begin with a definition and a few remarks.
Definition 4.1. Let F be a field. For an algebraic extension F ′ of F , we say that F ′ is a prime-to-p extension of F if F ′ is a union of finite extensions over F of degree prime-to-p. If F ′ is a prime-to-p extension over some finite extension field of F , we say that F ′ is a potential prime-to-p extension of F .
Remark 4.2. (i) Clearly, if F
′ is a potential prime-to-p extension of F , then every intermediate field
Then the residue field k L is a potential prime-to-p extension over k if and only if k L /k is a finite extension.
We now give the first main result in this section. We consider the case given by elliptic curves.
Theorem 4.3. Let E/K be an elliptic curve with potential good ordinary reduction over K. Let L be a Galois extension of K whose residue field k L is a potential prime-to-
As a corollary, we obtain necessary and sufficient conditions for the vanishing of J V -cohomology groups for p-adic representations given by an elliptic curve with good ordinary reduction over K. LetẼ denote the reduction of E modulo the maximal ideal of O K .
Corollary 4.4. Let E be an elliptic curve over K with good ordinary reduction and L be a Galois extension with residue field k L . Assume that L contains K(µ p ∞ ) and the coordinates of the p-torsion points of
Proof. The equivalence of the first five statements is given by Corollary 2.1 in [Oz09] . Theorem 4.3 shows that condition (5) implies condition (6). Note that condition (1) is equivalent to H 0 (J V , V ) = 0 (cf. e.g. [KT13] , Lem. 2.1), so condition (6) implies (1).
We now give the proof of Theorem 4.3. First we note that we may reduce the proof to the case
V is a closed normal subgroup of J V and we see that if V has vanishing J ′ V -cohomology then
and a priori, V has vanishing J V -cohomology. We assume henceforth that L = L(µ p ∞ ). Considering H n (J V , V ) as a representation of H V /J V , we see that Theorem 4.3 follows if we prove the following lemma.
Lemma 4.5. Assume the hypothesis in Theorem 4.3. Then after a finite extension
Let us show how the theorem follows from the lemma. Suppose the lemma holds. Replacing K by a finite extension, we may assume that H V /J V acts unipotently on H n (J V , V ) for all n ≥ 0. We prove the vanishing by induction on n. The case n = 0 is already known (cf. [Oz09] , Thm. 2.1-(1)). By Theorem 1.1, we know that V has vanishing H V -cohomology. Now let n ≥ 1 and assume that H m (J V , V ) = 0 for all 1 ≤ m < n. Then the Hochschild-Serre spectral sequence (cf. [HS53] , Thm. 2) gives the following exact sequence:
As the second and last terms both vanish, we have H 0 (H V /J V , H n (J V , V )) = 0. The vanishing of J V -cohomology follows from Lemma 2.5 since H V /J V acts unipotently on H n (J V , V ).
It remains to prove Lemma 4.5.
(Proof of Lemma 4.5).
Let K ur be the maximal unramified extension of K and put
We may view N ∞ as the extension of K obtained by adjoining all p-power roots of unity to the the maximal subextension N of K(E ∞ ) which is unramified over K. Let M ′ = M ∩ N ∞ and we put G := Gal(M/K), H := Gal(M/M ′ ) and Y := Gal(M ′ /K) = G/H. Note that M is totally ramified over M ′ . In fact, M ′ is the extension of K obtained by adjoining all p-power roots of unity in K(E ∞ ) to the maximal subextension of M that is unramified over K. As M is a p-adic Lie extension over K and its residue field k M is potentially prime-to-p over k, we see that k M is a finite extension of k (cf. Remark 4.2 (ii)) and that M ′ is of finite degree over K(µ p ∞ ). We have the following diagram of fields:
We need an explicit description of the action of Y on H. The diagram of fields shown above clearly induces the following commutative diagram, having exact rows and surjective vertical maps:
Moreover the above diagram is compatible with the actions by inner automorphism, in the sense that σ · h = ghg −1 for σ ∈ Y , h ∈ H and a lifting g of σ to G, if and only ifσ ·h =ghg −1 , for liftingsσ (resp.g,h) of σ (resp. g, h) to Gal(N ∞ /K) (resp. G V , G V ). In order to obtain the desired explicit description for the action of Y on H, we will use the following well-known result (see for instance Proposition 2.6 in [Oz09] which is formulated in a more general fashion): Proposition 4.6. Let E be an elliptic curve over K with good ordinary reduction. For some suitable basis of T p (E), the representation ρ E has the form ϕ a 0 ψ ,
is an unramified continuous character and
Moreover, χ = ϕ · ψ. In particular, the restriction ϕ| I K of ϕ to the inertia subgroup I K of G K coincides with the p-adic cyclotomic character.
In fact, the character ϕ in the proposition is the homomorphism which gives the action of G V on the Tate module T p (E(p) 0 ), while ψ is the homomorphism giving the action of G V on T p (E(p)é t ). Here, E(p) is the p-divisible group associated with the Néron model of E over O K and the superscripts "0" and "ét" indicate the connected p-divisible subgroup and etale quotient of E(p), respectively. We now choose a basis of the Tate module T p (E) of E with respect to which the action of G V on T p (E) is given as in the previous proposition. Let h ∈ H and σ ∈ Y . Let g be a lifting of σ to G. Letg (resp.h) be a lifting of g (resp. h) to G V . Note thath ∈ Gal(K(E ∞ )/N ∞ ). In particular, we have ϕ(h) = 1 and ψ(h) = 1. A matrix calculation gives
.
By the compatibility of the diagram (3) with the action by inner automorphisms, the preceding equation gives the relation
where ε = χ · ψ Remark 4.7. The p-adic Galois representation V of Theorem 4.3 is ordinary in the sense of Definition 2.6 as we can see from Proposition 4.6. We note that the proof of Theorem 4.3 can be replicated for ordinary p-adic Galois representations whose filtration has the same shape as that for the Tate module of elliptic curves with good ordinary reduction. For our purposes, we content ourselves with the theorem above.
On the other hand, we may obtain some vanishing results with respect to a more particular family of L for more general higher-dimensional ordinary representations coming from geometry as follows: Proof. To prove the theorem we have to show that the following statements hold:
We only prove statement (a) since statement (b) can be proved in a similar manner. Replacing K with a finite extension, we may assume that X has good ordinary reduction and E has good supersingular reduction over K. We may also assume that K(V ) contains K(µ p ∞ ) by extending K further (cf. Lemma 3.4). Let K ur be the maximal unramified extension of K in K and put
The assumption on V implies that the inertia subgroup I K of G K acts on the associated graded quotients gr r V by the rth power of the p-adic cyclotomic character. In particular the group
by Proposition 2.9 (ii) and so h ≃ sl 2 (Q p ). In particular, h is simple. It immediately follows from Theorem 1.2 that V has vanishing J V -cohomology. This proves (a) when E has no formal complex multiplication. We now suppose that E has formal complex multiplication. We claim that M = K(V ) ∩ L is a finite extension of K(µ p ∞ ). The restriction map induces a surjection
from which we obtain a surjection of Lie algebras
. Since E has formal complex multiplication, we know from Proposition 2.9 (i) that g is a non-split Cartan subalgebra of End(V p (E)) ≃ gl 2 (Q p ). Thus g contains the center c of gl 2 (Q p ) and h ≃ g/c is a Cartan sub-algebra of sl 2 (Q p ) (cf. [Bo08] , Ch.7, §2, Proposition 5). Its elements are semisimple in sl 2 (Q p ) by (op. cit., §4 Thm. 2). Thus, the elements of Lie(Gal(M/K(µ p ∞ ))) are also semisimple since it is a quotient of h. Since the Lie algebra Lie(Gal(M/M ∩ N ∞ )) is a nilpotent factor of
is a finite extension. As we remarked earlier, the finiteness of [M :
is equivalent to the finiteness of the index of J V = ρ(G L ) in H V . By Lemma 3.1, we conclude that V has vanishing J V -cohomology.
Remark 4.9. In Theorem 4.8 when the elliptic curve E has potential good ordinary reduction, the vanishing statement (b) may not hold because H 0 (J V ′ , V ′ ) may be nontrivial. This is easily observed by taking X = E and considering V = H 1 et (X K , Q p ). This observation in fact holds in a more general case. Indeed, take any abelian variety A/K with potential good ordinary reduction and consider
∨ . Since A has potential good ordinary reduction, the field L ′ = K(A ∞ ) contains an unramified Z p -extension. Hence, the residue field k L ′ is not a potential prime-to-p extension over k. Replacing K and L ′ with appropriate finite extensions (so that the hypothesis of Corollary 4.4 is satisfied), we conclude that the group V ′ does not have vanishing J V ′ -cohomology. Thus V and V ′ are not cohomologically coprime.
Vanishing result for elliptic curves
In this section, we determine the cohomological coprimality of two Galois representations V p (E) and V p (E ′ ) given by elliptic curves E and E ′ , respectively.
The case of good reduction
We first treat the case where E and E ′ both have potential good reduction over K. The main result in this subsection is the following: By symmetry, it suffices to verify the following:
Theorem 5.2. Let E and E ′ be elliptic curves with potential good reduction over K. Put The case (i) of the theorem is already covered by Theorem 4.8. For case (ii), we may replace K with a finite extension so that E and E ′ both have good supersingular reduction over
If one of the conditions (i) -(iv) in Theorem 5.1 is satisfied then
As h is abelian, we see that h and h ′ have no common simple factor. By Theorem 1.2, the desired result follows.
In view of Corollary 3.5, to prove the case of (iii) and (iv), it suffices to show that the field K(V p (E)) ∩ L is a finite extension of K(µ p ∞ ). We obtain this by the following lemma. 
Proof. We split the proof into two cases: (Case 1) Assume that both E and E ′ have formal complex multiplication. The Lie algebra Lie(ρ E (G K )) attached to E is 2-dimensional, by Proposition 2.9 (i). Thus Gal(K(E ∞ )/K) is a 2-dimensional p-adic Lie group and so Gal(K(E ∞ )/K(µ p ∞ )) is 1-dimensional. The same statements hold when E is replaced by E ′ . Replacing K with a finite extension, we may assume that Gal(
Since the only closed subgroup of Z p of infinite index is the trivial subgroup, the group Gal(K(E ∞ )/M) must be trivial, and thus
3). This contradicts our hypothesis. Therefore, M is a finite extension of K(µ p ∞ ). (Case 2) Suppose both E and E ′ does not have formal complex multiplication. Put
Thus j is either (0) or sl 2 (Q p ). In the former case, Gal(K(E ∞ )/M) is a finite group and thus K(E ∞ )/M is a finite extension. Replacing K with a finite extension, we have
is infinite, in contrast to our hypothesis. Thus j = sl 2 (Q p ), which means that Gal(
. This completes the proof of the lemma and of Theorem 5.2.
Theorem 5.2 gives another proof of some finiteness results in [Oz09] . For instance, in view of Remark 3.3, condition (i) of Theorem 5.2 implies a part of Proposition 3.2 in [Oz09] . We also obtain the following corollary.
Corollary 5.5. Let E and E ′ be elliptic curves with potential good supersingular reduction over
Assume that E and E ′ both have formal complex multiplication or both do not have formal complex multiplication. Then the following statements are equivalent: Proof. It remains to prove the equivalence of each of the first six conditions with the last one. Replacing K by a finite extension, we may assume that E and E ′ have good supersingular reduction over K. We prove the equivalence (4) ⇔ (5). If E and E ′ both do not have formal complex multiplication then this equivalence is given by Proposition 3.8 in [Oz09] . Assume that E and E ′ both have formal complex multiplication. Let
Replacing K by a finite extension, we may assume that L = L ′′ . Then Proposition 3.7 in [Oz09] implies that E and E ′ have the same fields of formal complex multiplication, say F . The representations 
Here, K ab denotes the maximal abelian extension of K and I(K ab /K) is the inertia subgroup of Gal(K ab /K), with the isomorphism I(K ab /K) ≃ O K × coming from local class field theory. In fact, ρ E | I K and ρ E ′ | I K are equal since they are both given by the map
We see that the Tate modules T p (E) and T p (E ′ ) become isomorphic over K ′ . By a well-known result due to Tate (cf. [Ta67] , Corollary 1), the p-divisible groups E(p) and E ′ (p) are isogenous over O K ′ . Conversely, if there exists a finite extension
The case of multiplicative reduction
We now treat the case where E ′ has potential multiplicative reduction over K. For this case, the Lie algebra of Gal(K(E ′ ∞ )/K) is given by Proposition 2.9 (v). We have the following result.
Theorem 5.6. Let E and E ′ be elliptic curves over K such that E has potential good reduction over K and E ′ has potential multiplicative reduction over
Proof. Replace K with a finite extension so that E and E ′ have good and multiplicative reductions over K, respectively. We first note that the residue field k L of L is a potential prime-to-p extension of k since Lie(ρ E ′ (G K )) = Lie(ρ E ′ (I K )). Thus, the case where E has good ordinary reduction is just a consequence of Theorem 4.3. It remains to settle the case where E has good supersingular reduction over K. If E has no formal complex multiplication, note that the Lie algebra
On the other hand, the Lie algebra
The result follows from Theorem 1.2. If E has formal complex multiplication, then by virtue of Corollary 3.5, it suffices to prove that M := L ∩ K(E ∞ ) is a finite extension of K(µ p ∞ ). The Lie algebra Lie(ρ E (G K )) attached to E is 2-dimensional, by Proposition 2.9 (i). Thus Gal(K(E ∞ )/K) is a 2-dimensional p-adic Lie group and so Gal(K(E ∞ )/K(µ p ∞ )) is 1-dimensional. As in the proof for Case (1) of Lemma 5.4, if we assume that M is of infinite degree over K(µ p ∞ ), then the group Gal(K(E ∞ )/M) must be trivial, and thus K(E ∞ ) = M. That is, K(E ∞ ) is contained in L. Thus we have a natural surjection Gal(L/K) ։ Gal(K(E ∞ )/K) which induces a surjection of Lie algebras Lie(Gal(L/K)) ։ Lie(Gal(K(E ∞ )/K)). Since both Lie algebras are two-dimensional, the above surjection of Lie algebras must be an isomorphism. In view of Proposition 2.9 (i) and (v), we have a contradiction. Therefore, M is a finite extension of K(µ p ∞ ).
Remark 5.7. Despite the above result, we cannot expect much about the cohomological coprimality of V = V p (E) and V ′ = V p (E ′ ) if at least one of E and E ′ has multiplicative reduction over K. For instance if E ′ has split multiplicative reduction, the theory of Tate curves shows that H 0 (H V ′ , V ′ ) is non-trivial. On the other hand if E ′ has non-split multiplicative reduction, we are not certain if all the J V ′ -cohomology groups of V ′ vanish or not. (But see Proposition 3.10 in [Oz09] for conditions where
Cohomologies of Global Representations
In this section, we discuss some global analogues of the results we obtained in the previous sections. In fact, these are consequences of the local results that we proved. Let F be an algebraic number field, that is, a finite extension of Q. We now consider a proper smooth algebraic variety X defined over F . Denote by X F the extension of scalars of X to F . In this section we take
and again denote by ρ : G F → GL(V ) the continuous homomorphism giving the action of G F on V . As in the previous sections if V = V p (E) = T p (E) ⊗ Zp Q p is given by an elliptic curve E over F , we write ρ E instead of ρ. For an algebraic extension L of F and a place w of L, we denote by L w the union of the completions at w of all finite extensions of F contained in L . We give the proof of Theorem 6.1 below. Theorem 6.2 can be verified similarly from the proof of Theorem 5.2.
Proof of Theorem 6.1. Put J V = ρ(G L ) and J V ′ = ρ E (G L ′ ), where L = F (E ∞ ) and L ′ = F (V ). We must show that V has vanishing J V -cohomology and V ′ has vanishing J V ′ -cohomology. To do this, we proceed as in [CSW01] , §4.4, Example 3. For a vector space W over Q p , we write W Q p for W ⊗ Q p Q p . Let w (resp. ν, u) be a place of L (resp. L ′ , F (µ p ∞ )) lying above v. By replacing F v by a finite extension we may assume that L ′ ν contains F (µ p ∞ ) u = F v (µ p ∞ ). In the proof of Theorem 4.8, we showed that L w ∩ L ′ ν is a finite extension over F v (µ p ∞ ). We let D V (resp. D V ) be the image of ρ restricted to the decomposition group in G L (resp. G F (µ p ∞ ) ) of some fixed place of F above w (resp. u). By arguing in a similar manner as above, it can be shown that the proof of Theorem 5.6 for the good supersingular reduction case also implies the following global result.
Theorem 6.3. Let E and E ′ be elliptic curves over F . Put L = F (E ′ ∞ ). Then V = V p (E) has vanishing J V -cohomology, where J V = ρ E (G L ), if there is at least one place v above p such that E has potential good supersingular reduction at v and E ′ has potential multiplicative reduction at v.
Notice that in Theorem 6.3 we did not include the case where E has potential good ordinary reduction and E ′ has potential multiplicative reduction. This is because in this case Lie(D V ) may be smaller than Lie(D V ), with the notation above. Nevertheless, the same assertion for the global representation may be shown to hold by considering places v not lying above p. This, along with similar cases, will be treated in a subsequent paper.
